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Electroweak corrections to the top quark decay
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We calculate the one-loop electroweak corrections to the decayt→bW1, including the counterterm for the
CKM matrix elementsVtb . Previous calculations used an incorrectdVtb that led to a gauge dependent
amplitude. However, since the contribution stemming fromdVtb is small, those calculations only underesti-
mate the width by roughly 1 part in 105.
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Because of its large mass,mt5174.365.1 GeV/c2 @1#,
the top quarkt decays almost exclusively into a botto
quarkb and aW boson. This two-body channel, which is n
available to the other quarks, makes the top quark singu
In fact, it is the only known quark where weak decay tak
place before the strong hadronization process. Hence,
trary to the other hadronic weak processes, one can calc
the width of the transitiont→bW1 without being involved
with the non-perturbative aspects of QCD. Because of
advantage, this process will be a good testing ground
models beyond the standard model~SM!. In principle, within
the SM, the experimental measurement of the decay
G(t→bW1) gives a direct measurement of theVtb element
of the Cabibbo-Kobayashi-Maskawa~CKM! matrix @2#. Un-
fortunately, at a hadron collider, the experimental resolut
only enables us to reconstruct the branching ratio. ForVtb
close to 1 the branching ratio is rather insensitive to its p
cise value. Hence, single top quark production at hadron
liders offers a better chance to measureVtb @3#.

Presently, direct observation of the top quark at the F
milab Tevatron@4# is not sufficient to obtain a direct mea
surement ofVtb . The Particle Data Group PDG@1# gives
Vtb , but using CKM unitarity conditions. At the CERN
Large Hadron Collider~LHC!, with 107 or 108 top quark
pairs per year, one expects to extractVtb with an error of the
order 10%@5#. It is then desirable to calculate the top qua
width within a few percent precision.

At the tree level thet→bW1 width, G0, is
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wherea51/137.03599 is the fine-structure constant anduW
is the Weinberg angle (cosuW5mW/mZ). The main correc-
tion to G0 stems from the one-loop gluon correction to t
weak vertex. ThisO(aas) contribution was first evaluated
by Jezabek and Ku¨hn @6#, and later confirmed by Denner an
Sack~DS! @7# and Eilamet al. @8#. Recently, a similar resul
was obtained@9# applying the optical theorem to the two
body self-energy of the top quark. At order (aas

2) there are
two calculations. Czarnecki and Melnikov@10# evaluated the
two-loop vertex diagram fort→bW1 using themW50 ap-
proximation, while Chetyrkinet al. @11# expanded the imagi-
nary part of the three-loop self-energy as a series inq2/mt

2 .
A recent approach to the same problem by Ghimculov a
Yao @9# uses a combination of analytical and numeric
methods to evaluate the general massive two-loop Feyn
diagrams. The electroweak corrections of ordera2 were only
evaluated in Refs.@7# and@8#. However, as Gambino, Grass
and Madricardo~GGM! @12# have pointed out, in these pa
pers the renormalization ofVtb was done in such a way tha
the final result was gauge dependent. Recently we@13# have
considered the renormalization of the CKM matrix,VI j , in
the generic linearRj gauge. We have confirmed that the D
@7# renormalization prescription leads to a gauge depend
amplitude and we have solved the problem introducing
condition to fix dVI j different from the one proposed b
GGM @12#. Despite the fact that DS@7# have used a gaug
dependentdVI j their numerical values for theW partial de-
cay widths are essentially correct. In fact, thedVI j contribu-
tion is negligible. This was confirmed by Kniehlet al. @14#
using the GGM prescription. Clearly, it is in the top qua
decay process that a wrongdVI j would induce the larges
difference. In view of this situation we think that it is worth
while to present, in this Brief Report, the correct result f
the electroweak one-loop top quark decay. We will comp
our renormalization scheme@13# with the one proposed by
GGM @12#.

Denoting byp and q the four-momenta of the incoming
top quark and the outgoingW1, respectively, the tree leve
decay amplitudeT0 is

T05VtbAL , ~2!
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AL5
g

A2
ū~p2q!«”gLu~p!, ~3!

where «m is the polarization vector and, as usual,gL5(1
2g5)/2. The one-loop amplitudeT1 can be written in terms
of four independent form factors,FL , FR , GL , and GR ,
each one associated with a given Lorentz structure for
spinors.FL is associated withAL andFR with AR which is
given by Eq.~3! replacinggL by gR . Similarly, GL andGR
are multiplied byBL andBR , respectively, given by

BL,R5
g

A2
ū~p2q!

«•p

mW
gL,Ru~p!. ~4!

Besides the form factors,T1 also depends on the counte
terms. The final result is
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A detailed discussion of the counterterms can be found
our previous work@13# and so there is no need to repeat
here. In particular, we have shown@13# that one obtains a
finite and gauge invariantT1 with theVtb counterterm,dVtb ,
given by

dVtb52 1
2 (
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dZIt

L* VIb2 1
2 (

j 5” b
Vt jdZjb

L

2 1
2 Vtb@dZtt

L* 2dZtt[1]
L* 1dZbb

L 2dZbb[1]
L #, ~6!

wheredZII 8
L anddZj j 8

L are the up and the down left-hande
quark wave function renormalization constants, respectiv
A dZ with the subscript@1# means that in its evaluation th
CKM matrix was replaced by the identity matrix.

Let us stress that the only difference between our ca
lation and the previous ones@7,8# is entirely due to a differ-
ent choice ofdVtb . Unfortunately, the choice made by D
@7# is not physically acceptable. However, as we will se
dVtb gives a rather small contribution. Hence, the numeri
result does not show any meaningful change. Perhaps
best way to discuss the result is to defined as

d5
2 Re@T0T1

1#

uT0u2
. ~7!

This, in turn, means that up toO(a2) the decay amplitude
can be written as

G5G0@11d#. ~8!

In Table I we show the different contributions tod arising
from the individual terms of Eq.~5!. In the calculations the
program packagesFEYNARTS @15#, FEYNCALC @16# and
01730
e

in

y.

-

,
l
he

LOOPTOOLS@17# were used. Notice that, with our renorma
ization prescription fordVtb , all contributions from the off-
diagonal quark wave-function renormalization constants
canceled and one simply needs to evaluatedZtt[1]

L* and
dZbb[1]

L . They, together with the other counterterms, give
large positived (23.66%) which is then reduced to 4.46%
with the negative contribution ofFL(218.75%) andGR

(20.44%). The other form factors give negligible contrib
tions. It is interesting to see the difference when we follo
the CKM renormalization prescription given by GGM@12#.
The calculation is slightly more complicated: the of
diagonal terms proportional todZIt

L* and dZjb
L have to be

included; the diagonal termsdZtt
L* anddZbb

L have to be cal-
culated without replacing the CKM matrix by the unit m
trix, and finally one ought to adddVtb

G given by

TABLE I. Contributions tod from the individual terms in Eq.
~5! evaluated atmt5174.3 GeV/c2 and mH5114 GeV/c2. The
lower part lists the additional contributions needed if the GGM@12#
renormalization prescription is used.

Form factors and counterterms Contributions tod(%)

FL 218.753
FR 2231023

GL 2831024

GR 20.445

dg

g

10.419

1
2 dZW 3.193

1
2 dZtt[1]

L 5.220
1
2 dZbb[1]

L 4.831

Total 4.46

1
2 ( I 5” tdZIt

L* VIb 931026

1
2 ( j 5” bVt jdZjb

L 21.831023

1
2 dZtt

L 2
1
2 dZtt[1]

L 20.131023

1
2 dZbb

L 2
1
2 dZbb[1]

L 25.331023

dVtb
G 6.431023

Total 20.831023

FIG. 1. d as a function of the top quark mass.
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Vt jdZ jb

L,AG , ~9!

where thedZ i j
L,A are ‘‘special’’ anti-Hermitian wave func-

tion renormalization constants fixed in terms of the qu
self-energies atq250, namely,

dZ i j
L,A5

mi
21mj

2

mi
22mj

2 @S i j
L ~0!12S i j

S~0!#. ~10!

For the sake of completeness we have also listed in Tab
the numerical values of these additional contributions. Th
are all extremely small which means thatd is practically the
same in both renormalizations schemes.

Certainly, the uncertainty introduced in the calculation
the error in the top quark mass is far more important.
illustrate this remark and to avoid the need to repeat
calculation in the future we have done it varyingmt in the
two-sigma interval around the present experimental m
value. We have found that within this interval the value od
can be very well reproduced by the linear fit

FIG. 2. d as a function of the Higgs boson mass.
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d5F12.771520.0477
mt

GeV/c2G31022. ~11!

Figure 1 shows the quality of this fit. Another parameter th
enters the calculation is the Higgs boson massmH . In the
results given in Table I and in Fig. 1 we have used rat
arbitrarily mH5114 GeV/c2. As it is well knownd depends
logarithmically onmH . Again for mt5174.3 GeV/c2 and
for 100 GeV/c2<mH<400 GeV/c2, d could be fitted
with the following expression:

d5F4.445710.1172 ln
mH

100 GeV/c2G31022. ~12!

In Fig. 2 we show the result and the fitted curve.
We would like to summarize our conclusions as follow
~i! Using our@13# prescription for the renormalization o

the CKM matrix elements we have calculated the el
troweak radiative corrections to the decay widtht→bW1.

~ii ! For mt5174.3 GeV/c2 and mH5114 GeV/c2, the
correction isd54.46%. This increases the tree level value
G from 1.4625 GeV/c2 to 1.5277 GeV/c2.

~iii ! We have checked that an alternative renormalizat
prescription advocated by GGM@12# gives a width that dif-
fers from ours by less than 1 part in 105.

~iv! The contribution tod stemming from thedVtb coun-
terterm is rather small. It is 7.231023 % versus 6.4
31023 % in the GGM @12# scheme, while the old DS@7#
dVtb counterterm would have given 6.631023 %.
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